ABSTRACT. We study the asymptotic behavior of the generalized Bergman kernel of the renormalized Bochner-Laplacian on high tensor powers of a positive line bundle on a symplectic manifold of bounded geometry. First, we establish the off-diagonal exponential estimate for the generalized Bergman kernel. As an application, we obtain the relation between the generalized Bergman kernel on a Galois covering of a compact symplectic manifold and the generalized Bergman kernel on the base. Then we state the full off-diagonal asymptotic expansion of the generalized Bergman kernel, improving the remainder estimate known in the compact case to an exponential decay. Finally, we establish the theory of Berezin-Toeplitz quantization on symplectic orbifolds associated with the renormalized Bochner-Laplacian.
INTRODUCTION
In this paper, we consider a smooth symplectic manifold (X, ω) of dimension 2n. Let (L, h L ) be a Hermitian line bundle on X with a Hermitian connection
. We assume that L satisfies the prequantization condition:
2 is the curvature of the connection ∇ L . Let (E, h E ) be a Hermitian vector bundle on X with Hermitian connection ∇ E and its curvature R E . Let g T X be a Riemannian metric on X and ∇ T X be the Levi-Civita connection of (X, g T X ). Let J 0 : T X → T X be a skew-adjoint operator such that (1.2) ω(u, v) = g T X (J 0 u, v), u, v ∈ T X.
Consider the operator J : T X → T X given by
Then J is an almost complex structure compatible with ω and g T X , that is, g T X (Ju, Jv) = g T X (u, v), ω(Ju, Jv) = ω(u, v) for any u, v ∈ T X and ω(u, Ju) > 0 for any u ∈ T X, u = 0.
where
denotes the formal adjoint of the operator ∇ L p ⊗E . The renormalized Bochner-Laplacian is a differential operator ∆ p acting on C ∞ (X, L p ⊗ E) by
where τ ∈ C ∞ (X) is given by (1.6) τ (x) = −π Tr[J 0 (x)J(x)], x ∈ X.
The renormalized Bochner-Laplacian was introduced by Guillemin and Uribe in [11] . When (X, ω) is a Kähler manifold, it is twice the corresponding Kodaira-Laplacian on functions L p =∂ L p * ∂L p . The asymptotic of the spectrum of the operator ∆ p as p → ∞ was studied in [3, 5, 11, 20, 21] .
In this paper, we will suppose that (X, g T X ) is complete and R L , R E , J, g T X have bounded geometry (i.e., they and their derivatives of any order are uniformly bounded on X in the norm induced by g T X , h L and h E , and the injectivity radius of (X, g T X ) is positive). We will also assume that , for x ∈ X. Thus (1.7) is a condition of uniform positivity of R L with respect to g T X .
Since (X, g T X ) is complete, the Bochner-Laplacian and the renormalized Bochner-Laplacian ∆ p are essentially self-adjoint, see Theorem 2.4. We still denote by ∆ p the unique self-adjoint extension of
acting on compactly supported smooth sections, and by σ(∆ p ) its spectrum in L 2 (X, L p ⊗ E). First, we state the following spectral gap property for the operator ∆ p which is a direct consequence of [25, Lemma 1] . Theorem 1.1. Let (X, ω) be a symplectic manifold with a prequantum line bundle (L, ∇ L , h L ). Let g T X be a complete Riemannian metric on X and let J be the almost complex structure defined by (1.3) . Let (E, ∇ E , h E ) be an auxiliary vector bundle on X. We assume that R L , R E , J, g
have bounded geometry and (1.7) holds. Then there exists a constant C L > 0 such that for any p ∈ N the spectrum of the renormalized Bochner-Laplacian (1.5) satisfies
When X is compact and E is the trivial line bundle, this theorem (with a not precised constant µ 0 ) is the main result of Guillemin and Uribe [11] . For a general vector bundle E, it was proved by Ma and Marinescu [20, Corollary 1.2] , cf. also [21, Theorem 8.3 .1], with the geometric constant µ 0 given by (1.7). The analogous theorem for the spin c Dirac operator on a manifold of bounded geometry is stated in [25, Lemma 1] . Theorem 1.1 can be directly derived from this result, following the proof of [20, Corollary 1.2] (see also [20, Corollary 4.7] for the case of a covering of a compact manifold), thus we will not repeat this proof here.
For a Borel set B ⊂ R, we denote by E(B, ∆ p ) the spectral projection corresponding to the subset B. Consider the spectral space
If X is compact, the spectrum of ∆ p is discrete and H p is the subspace spanned by the eigensections of ∆ p corresponding to eigenvalues in [−C L , C L ]. Let (1.10)
be the orthogonal projection. Let π 1 and π 2 be the projections of X ×X on the first and second factor. The Schwartz kernel of the operator P Hp with respect to the Riemannian volume form dv X is a smooth section
, see [21, Remark 1.4.3] . It is called the generalized Bergman kernel of ∆ p in [22] , since it generalizes the Bergman kernel on complex manifolds.
Theorem 1.2.
Under the assumptions of Theorem 1.1, there exists c > 0 such that for any k ∈ N, there exists C k > 0 such that for any p ∈ N, x, x ′ ∈ X, we have
Here d(x, x ′ ) is the geodesic distance and |P p (x, x ′ )| C k denotes the pointwise C k -seminorm of the section P p at a point (x, x ′ ) ∈ X × X, which is the sum of the norms induced by h L , h E and g T X of the derivatives up to order k of P p with respect to the connection ∇ L p ⊗E and the Levi-Civita connection ∇ T X evaluated at (x, x ′ ). For the Bergman kernel of the spin c Dirac operator associated to a positive line bundle on a symplectic manifold of bounded geometry, the same type of exponential estimate is proved in [25, Theorem 1] (see also the references therein for the previous results). In [25] , the authors use the methods of [10, 21, 22] based on the spectral gap property of the spin c Dirac operator, finite propagation speed arguments for the wave equation, the heat semigroup and rescaling of the spin c Dirac operator near the diagonal, which is inspired by the analytic localization technique of Bismut-Lebeau [2] . It is important in [25] that the eigenvalues of the associated Laplacian are either 0 or tend to +∞. In the current situation, the renormalized BochnerLaplacian has possibly different bounded eigenvalues, which makes difficult to use the heat semigroup technique. So we replace the heat semigroup technique by a different approach, which was developed by the first author in [15] : We follow essentially the general strategy of [10, 21, 22] but use weighted estimates with appropriate exponential weights as in [14] instead of the use of the heat semigroup and finite propagation speed arguments.
As an application of our proof of Theorem 1.2, we obtain the relation between the generalized Bergman kernel on a Galois covering of a compact symplectic manifold and the generalized Bergman kernel on the base as an analogue of [25, Theorem 2] for the Bergman kernel of the spin c Dirac operator.
be given as above. Consider a Galois covering π : X → X and let Γ be the group of deck 
This type of results has a long history. In the category of complex manifolds it appeared in connection with the theory of automorphic forms and Poincaré series in the works of Selberg and Godement. Earle [9] gave a proof when X is a bounded symmetric domain (under some hypothesis on the variation of Bergman kernels). The second and third authors proved (1.12) for the Bergman kernels associated to the spin c Dirac operator on a symplectic manifold, in particular, in the Kähler case [25, Theorem 2] . Lu and Zelditch [17] independently proved (1.12) for the Bergman kernels on Kähler manifolds when E = C.
As another application of the technique developed in this paper, we extend the results on the full off-diagonal asymptotic expansion of the generalized Bergman kernels of the renormalized Bochner-Laplacians associated to high tensor powers of a positive line bundle over a compact symplectic manifold, obtained in [16, 15] , to the case of manifolds of bounded geometry and slightly improve the remainder estimate in the asymptotic expansions, proving an exponential estimate O(e
. Finally, we study the theory of Berezin-Toeplitz quantization on symplectic orbifolds by using as quantum spaces the spectral spaces H p , especially we show that the set of Toeplitz operators forms an algebra. Ma and Marinescu obtained first Berezin-Toeplitz quantization on symplectic orbifolds by using as quantum spaces the kernel of the spin c Dirac operator, in particular, on compact complex orbifolds [23, Theorems 6.13, 6.16] . Let us note also that Hsiao and Marinescu [13] constructed a Berezin-Toeplitz quantization for eigenstates of small eigenvalues in the case of complex manifolds. For a comprehensive introduction to this subject see [19, 21, 24] . The paper is organized as follows. In Section 2, we collect some necessary background information on differential operators and Sobolev spaces on manifolds of bounded geometry. In Section 3, we remind some results on weighted estimates on manifolds of bounded geometry and prove Theorem 1.2 and 1.3. Section 4 is devoted to the full off-diagonal asymptotic expansions. In Section 5 we study Berezin-Toeplitz quantization on symplectic orbifolds.
PRELIMINARIES ON DIFFERENTIAL OPERATORS AND SOBOLEV SPACES
In this section, we collect some necessary background information on differential operators and Sobolev spaces on manifolds of bounded geometry. We refer the reader to [14, 25] for more information. The novel point is that our constructions are adapted to a particular sequence of vector bundles L p ⊗ E, p ∈ N. This concerns with a specific choice of the Sobolev norm as well as with a slightly refined form of the Sobolev embedding theorem. We will keep the setting described in Introduction.
2.1. Differential operators. Let F be a vector bundle over X. Suppose that F is Euclidean or Hermitian depending on whether it is real or complex and equipped with a metric connection
that allows us to introduce the operator
for every ℓ ∈ N. Any differential operator A of order q acting in C ∞ (X, F ) can be written as
where a ℓ ∈ C ∞ (X, (T X) ⊗ℓ ) and the endomorphism · : (T X) ⊗ℓ ⊗ ((T * X) ⊗ℓ ⊗ F ) → F is given by the contraction.
If F has bounded geometry, we denote by
⊗ℓ ). Usually, we will deal with families of differential operators of the form
We will say that such a family
and, for any ℓ = 0, 1, . . . , q, the family {a p,ℓ , p ∈ N} is bounded in the Frechet space C ∞ b (X, (T X) ⊗ℓ ). An example of a bounded in p family of differential operators is given by { 1 p
2.2. Sobolev spaces. Denote by dv X the Riemannian volume form of (X,
For any integer m > 0, we introduce the norm
One can easily derive the following mapping properties of differential operators in Sobolev spaces.
Proposition 2.1. Any operator
2.3. Sobolev embedding theorem. We will need a refined form of the Sobolev embedding theorem adapted to the sequence L p ⊗ E, p ∈ N.
Proposition 2.2 ([25], Lemma 2).
For any k, m ∈ N with m > k + n, we have an embedding
Moreover, there exists
For any
Proof. By Proposition 2.2 and the definition of the Sobolev norm, we have 
Proof. These estimates follow immediately from the identity (2.14)
Let δ be the counterclockwise oriented circle in C centered at 0 of radius µ 0 . Theorem 2.6. There exists p 0 ∈ N such that for any λ ∈ δ and p ≥ p 0 the operator λ −
, and there exists C > 0 such that for all λ ∈ δ and p ≥ p 0 we have
Proof. We will closely follow the proof of [10, Theorem 4.8] 
exists and
Now we can write, for λ ∈ δ and λ 0 ≤ −C 2 ,
Thus for λ ∈ δ, we get from the first estimate of (2.15), (2.17) and (2.18),
Changing the last two factors in (2.18) and applying (2.19), we get
The proof of Theorem 2.6 is completed.
PROOF OF MAIN RESULTS
This section is devoted to the proofs of Theorems 1.2 and 1.3. First, we describe a class of exponential weight functions as in [14] . Then we prove norm estimates in weighted Sobolev spaces for the resolvent λ − 
that allows us to complete the proofs of Theorems 1.2 and 1.3.
Weight functions.
Recall that d denotes the distance function on X. By [14, Proposition 4,1], there exists a "smoothed distance" function d ∈ C ∞ (X × X), satisfying the following conditions:
(1) there is a constant r > 0 such that
(2) for any k > 0, there exists C k > 0 such that, for any multi-index β with |β| = k,
where the derivatives are taken with respect to normal coordinates defined by the exponential map at x.
Actually, we will work with a sequence of smoothed distance functions d p , p ∈ N, to remove small distances effects of smoothing. As one can easily see from the proof of [14, Proposition 4.1], for any γ ∈ (0, 1], there exists a function d ∈ C ∞ (X ×X), satisfying (3.2) with r = γ and (3.3) with C k = c k γ 1−k , c k > 0 is independent of γ. Let us briefly describe its construction. Let a X be the injectivity radius of (X, g T X ). We denote by B X (x, r) and B TxX (0, r) the open balls in X and T x X with center x and radius r, respectively. For any x 0 ∈ X, we identify
: T x 0 X → X. One can show that, for ε ∈ (0, a X ), the geodesic distance on B X (x 0 , ε) is equivalent to the Euclidean distance on B Tx 0 X (0, ε) uniformly on x 0 ∈ X: there exists C > 0 such that for any x 0 ∈ X and Z, W ∈ B Tx 0 X (0, ε),
By [14, Lemma 2.3], for ε < a X /2, there exists a covering {B X (x j , ε)} j∈N of X and N ∈ N such that every intersection of N + 1 balls B X (x j , 2ε) is empty. Furthermore, by [14, Lemma 2.4], there exists a partition of unity ∞ j=1 φ j = 1 subordinated to this covering such that supp φ j ⊂ B X (x j , ε) for any j and, for any k ∈ N, there exists
X (x j , ε) and |α| < k, where the derivatives are computed with respect to the normal coordinates on
The function d is defined by
Using the formula
the triangle inequality, the fact that supp θ δ ⊂ B(0, δ) and (3.4), we get
Choosing δ < C −1 γ, we obtain (3.2) with r = γ. The second property of d is proved by differentiating the formulas (3.6) and (3.7) with respect to x and using (3.5).
We will use such a function
So it satisfies the conditions:
(1) we have
(2) for any k > 0, there exists c k > 0 such that, for any multi-index β with |β| = k,
For any α ∈ R, p ∈ N * and y ∈ X, we introduce a weight function f α,p,y ∈ C ∞ (X) by (3.11) f α,p,y (x) = e α dp,y (x) , for x ∈ X, where d p,y is a smooth function on X given by
We don't introduce explicitly the weighted Sobolev spaces associated with f α,p,y . Instead, we will work with the operator families for p ∈ N * , α ∈ R, y ∈ X,
defined by an operator family
In particular, the desired exponential estimate of the Bergman kernel will be derived from the fact that the operator f α,p,y P Hp f −1 α,p,y is a smoothing operator in the scale of Sobolev spaces.
3.2.
Weighted estimates for the renormalized Bochner-Laplacian. Observe that, for v ∈ C ∞ (X, T X),
, then, for any α ∈ R and y ∈ X, the operator f α,p,y Qf
Moreover, for any a > 0, the family {f α,p,y Qf
Moreover, for any a > 0, the families { 1 √ p A p;y : p ∈ N * , y ∈ X} and {B p;y : p ∈ N * , y ∈ X} are uniformly bounded in p.
If {e j , j = 1, . . . , 2n} is a local frame in T X on a domain U ⊂ X, and functions
where (g jk (Z)) j,k is the inverse of the matrix ( e i , e j (Z)) i,j and (3.17)
In particular,
From (3.17), we easily get
By Proposition 2.1, for any m ∈ N, there exists C m > 0 such that, for any p ∈ N * , y ∈ X and
We have the following extension of Theorem 2.5.
Proof. Using Theorem 2.5, (3.15), (3.18) and (3.20), we get
and 
, and we have
Proof. Let us denote in this proof
By Theorem 2.6, (3.15) and (3.20) , it follows that, for all λ ∈ δ, p ∈ N * , α ∈ R and y ∈ X, we have
Therefore, for all λ ∈ δ, p ∈ N * , α ∈ R, |α| < c √ p, and y ∈ X, the operator λ − 1 p ∆ p;α,y is invertible in L 2 , and we have
Therefore, by (2.15), (3.26) and (3.27), we get
In the sequel, we will keep notation c for the constant given by Theorem 3.2, which will be usually related with the interval (−c √ p, c √ p) of admissible values of the parameter α.
Remark 3.3. Observe that, for any λ ∈ δ, p ≥ p 0 , α ∈ R and y ∈ X, the operators (λ − 1 p
which should be understood in the following way. If α < 0, then, for any
α,p,y s makes sense and defines a function in L 2 (X, L p ⊗ E). Thus, we get a well-defined operator
and one can check that f α,p,y (λ − 1 p
So (3.29) means that the operator f α,p,y (λ − 1 p
α,p,y u makes sense as a distribution on X. Thus, we get a well-defined operator
Proof. The first statement of the theorem is a consequence of a general fact about operators on manifolds of bounded geometry. The operator
. It remains to prove the norm estimate (3.32).
To prove (3.32), first, we introduce normal coordinates near an arbitrary point x 0 ∈ X. As above, we will identify the balls B Tx 0 X (0, a X ) and B X (x 0 , a X ) via the exponential map exp
with L x 0 and E x 0 by parallel transport with respect to the connection ∇ L and ∇ E along the curve
Denote by ∇ L p ⊗E and h L p ⊗E the connection and the Hermitian metric on the trivial line bundle with fiber (L p ⊗ E) x 0 induced by this trivialization. Let Γ L , Γ E be the connection forms of ∇ L and ∇ E with respect to some fixed frames for L, E which is parallel along the curve γ Z :
For any x 0 ∈ X, fix an orthonormal basis e 1 , . . . , e 2n in T x 0 X. We still denote by {e j } 2n j=1
the constant vector fields e j (Z) = e j on B Tx 0 X (0, ε). One can show that the restriction of the
That is, there exists C m > 0 such that, for any x 0 ∈ X, p ∈ N * we have
. By choosing an appropriate covering of X by normal coordinate charts, we can reduce our considerations to the local setting. Without loss of generality, we can assume that u ∈ C ∞ c (B Tx 0 X (0, ε), L p ⊗ E) for some x 0 ∈ X and the Sobolev norm of u is given by the norm u ′ p,m given by (3.34). (Later on, we omit 'prime' for simplicity.) We have to show the estimate (3.32), uniform on x 0 . That is, we claim that, for any m ∈ N, there exists C m > 0 such that for any p ∈ N * , p ≥ p 0 , λ ∈ δ, y ∈ X, |α| < c √ p and x 0 ∈ X,
Proposition 3.5. For any 1 ≤ j 1 ≤ . . . ≤ j k ≤ 2n, the iterated commutator
defines a family of second order differential operators, bounded uniformly on p ∈ N * , y ∈ X, |α| < c √ p and x 0 ∈ X. In particular, there exists C > 0 such that for p ∈ N * , |α| < c √ p, y ∈ X and u, u
Proof. By (3.15), (3.17) and (3.19) , the operator 1 p ∆ p;α,y has the form
It is easy to see that if f p;α,y is a ij p;α,y , b ℓ p;α,y or c p;α,y , the iterated commutator
is a smooth function on B Tx 0 X (0, ε) with sup-norm, uniformly bounded on p ∈ N * , y ∈ X, |α| < c √ p and x 0 ∈ X.
Recall the commutator relations 
as a linear combination of operators of the type
and of the operator
is a linear combination of operators of the form
, where the operators R 1 , . . . , R k are of the form
By Proposition 3.5, each operator R j defines a bounded operator from H 1 to H −1 with the norm, uniformly bounded on p ∈ N * , |α| < c √ p, y ∈ X. Therefore, by Theorem 3.2, each operator (3.44) defines a bounded operator from L 2 to H 1 with the norm, uniformly bounded on p ∈ N * , p ≥ p 0 , |α| < c √ p, y ∈ X. This immediately completes the proof.
3.4. Pointwise exponential estimates for the resolvents. In this section, we derive the pointwise estimates for the Schwartz kernel R
Theorem 3.6. For any m, k ∈ N with m > 2n + k + 1, for any p ∈ N * , p ≥ p 0 , and λ ∈ δ, we have R
Proof. By (3.29), for any m ∈ N, p ∈ N * , p ≥ p 0 , λ ∈ δ, y ∈ X and |α| < c √ p, we have
As in Remark 3.3, one can show that this formula gives a well-defined operator from
. Since ∆ p is formally self-adjoint with respect to · p,0 , we have ∆ * p;α,y = ∆ p;−α,y . Using this fact and Theorem 3.4, we easily get that, for any m 1 ∈ Z, there exists C m,m 1 > 0 such that, for all p ∈ N * , p ≥ p 0 , λ ∈ δ, y ∈ X and |α| < c √ p, we have
we can write e α dp,y(
In particular, putting y = x ′ , we get for
By (3.9), it follows that, for 0 < α < c √ p and x ′ ∈ X, we have an estimate 
(3.52)
Similarly, for any
For any x 0 ∈ X, fix an orthonormal basis e 1 , . . . , e 2n in T x 0 X. As above, we extend it to a frame e 1 , . . . , e 2n on B X (0, ε) as constant vector fields on T x 0 X. One can show (see, for instance, [14, Proposition 1.5]) that the norm
That is, there exists C k > 0 such that, for any p ∈ N * and u
induced by the basis e 1 , . . . , e 2n and the exponential map exp
By (3.55), it follows that there exists C k > 0 such that, for any x, x ′ ∈ X, we have
with the supremum taken over all pairs (Q 1 , Q 2 ), where
and i 1 , . . . , i k 1 , j 1 , . . . , j k 2 ∈ {1, . . . , 2n}, that immediately completes the proof of (3.46). Proof of Theorem 1.2. Let k ∈ N. Take an arbitrary m > 2n + k + 1. By (3.1), we have
By Theorem 3.6, it implies immediately the C k -estimate in Theorem 1.2 with c > 0 given by that theorem.
Proof of Theorem 1.3. First, we observe that, for τ ∈ C ∞ ( X) and τ ∈ C ∞ (X) given by (1.6), we have τ = π * τ . Next, the quantities µ 0 and µ 0 defined by (1.7) are equal. In particular, µ 0 > 0. By Theorem 1.1, there exists constant
Recall that δ denotes the counterclockwise oriented circle in C centered at 0 of radius µ 0 .
For any p, m ∈ N, p ≥ p 0 , and λ ∈ δ, denote by R 
is the unique distributional solution of the equation
Let m > 2n + 1. Then, by elliptic regularity and Sobolev embedding theorem, R
λ,p and R (m) λ,p are continuous. We claim that there exists p 1 ∈ N such that for any p > p 1 and x, x ′ ∈ X,
By [26] , there exists K > 0 such that γ∈Γ e −ad(γx,x ′ ) < +∞ for any a > K and x, x ′ ∈ X.
Then, by Theorem 3.6, for any p > p 1 and x, x ′ ∈ X, the series in the left-hand side of (3.62) is absolutely convergent with respect to C 0 -norm and its sum
is a Γ-invariant continuous section on X × X. So we can write
Moreover, by (3.60), for any
Therefore, for any
By the uniqueness of the solution of (3.61), it follows that S (m)
λ,p . This completes the proof of (3.62).
Since, by Theorem 3.6, the series in the left-hand side of (3.62) is absolutely convergent with respect to the C 0 -norm uniformly in λ ∈ δ, we can integrate it term by term over δ. Using (3.58) and (3.62), for any p > p 1 and x, x ′ ∈ X, we get The proof of Theorem 1.3 is completed.
FULL OFF-DIAGONAL ASYMPTOTIC EXPANSION
In this section, we study the full off-diagonal asymptotic expansion in the geometric situation of our paper described in the Introduction.
In the case of a compact Kähler manifold the asymptotic expansion of the Bergman kernel P p (x, x) restricted to the diagonal was initiated by Tian [27] , who proved the expansion up to first order. Catlin [8] and Zelditch [28] proved the asymptotic expansion of P p (x, x) up to arbitrary order, see [21] for the numerous applications of these results.
On the other hand, the off-diagonal expansion of the Bergman kernel has many applications. In the case of complex manifolds the expansion of P p (x, x ′ ) holds in a fixed neighborhood of the diagonal (independent of p), see [10] , [ −θ , θ ∈ (0, 1/2), which is however enough to derive the Berezin-Toeplitz quantization for the quantum spaced H p in [12] . Finally, in [15] the full off-diagonal expansion for the Bergman kernel associated to the renormalized Bochner-Laplacian was proved by combining [22, §1] and weight function trick in [14] .
In this section we extend the results on the full off-diagonal asymptotic expansion to the case of manifolds of bounded geometry. Moreover, using the technique of weighted estimates of the previous sections, we slightly improve the remainder in the asymptotic expansions. We will keep the setting described in Introduction.
Consider the fiberwise product T X × X T X = {(Z, Z ′ ) ∈ T x 0 X × T x 0 X : x 0 ∈ X}. Let π : T X× X T X → X be the natural projection given by π(Z, Z ′ ) = x 0 . The kernel P q,p (x, x ′ ) (of the operator (∆ p ) q P Hp ) induces a smooth section P q,p,x 0 (Z, Z ′ ) of the vector bundle π * (End(E)) on T X × X T X defined for all x 0 ∈ X and Z, Z ′ ∈ T x 0 X with |Z|, |Z ′ | < a X . We will follow the arguments of [15] and [22] . We will use the normal coordinates near an arbitrary point x 0 ∈ X introduced in the proof of Theorem 3.4. Let {e j } be an oriented orthonormal basis of T x 0 X. It gives rise to an isomorphism X 0 := R 2n ∼ = T x 0 X. Consider the trivial bundles L 0 and E 0 with fibers L x 0 and E x 0 on X 0 . Recall that we have the Riemannian metric g on B Tx 0 X (0, a X ) as well as the connections ∇ L , ∇ E and the Hermitian metrics h
, one can extend these geometric objects from B Tx 0 X (0, ε) to X 0 ∼ = T x 0 X in the following way.
Let ρ : R → [0, 1] be a smooth even function such that ρ(v) = 1 if |v| < 2 and ρ(v) = 0 if |v| > 4. Let ϕ ε : R 2n → R 2n be the map defined by ϕ ε (Z) = ρ(|Z|/ε)Z. We equip X 0 with the
where R(Z) = j Z j e j ∈ R 2n ∼ = T Z X 0 . By [10, (4.24) ] or [22, (1.22) ], if ε is small enough, then the curvature R L 0 is positive and satisfies the following estimate for any x 0 ∈ X,
Here J L 0 is the almost complex structure on X 0 defined by g 0 and iR L 0 . From now on, we fix such an ε > 0.
Let dv T X be the Riemannian volume form of (T x 0 X, g Tx 0 X ). Let κ be the smooth positive function on X 0 defined by the equation 
. We also denote by
the Schwartz kernel of the operator λ− 
Consider a function χ ∈ C ∞ (R) such that χ(r) = 1 for |r| ≤ ε and χ(r) = 0 for |r| ≥ 2ε. For any α ∈ R and W ∈ X 0 , we introduce a weight function φ (4.14) φ Using (3.58), we complete the proof for k = 0. The proof of the case of arbitrary k can be given similarly to the proof of Theorem 3.6.
Now we can proceed as in [15, 22] . We only observe that all the constants in the estimates in [15, 22] depend on finitely many derivatives of g T X , h L , ∇ L , h E , ∇ E , J and the lower bound of g T X . Therefore, by the bounded geometry assumptions, all the estimates are uniform on the parameter x 0 ∈ X. We will omit the details and give only the final result, stating the full off-diagonal asymptotic expansion of the generalized Bergman kernel P q,p as p → ∞ (see Theorem 4.3 below).
The almost complex structure J x 0 induces a decomposition
x 0 X are the eigenspaces of J x 0 corresponding to eigenvalues i and −i respectively. Denote by det C the determinant function of the complex space T (1,0)
x 0 X is positive, and
It is the Bergman kernel of the second order differential operator
where {e j } j=1,...,2n is an orthonormal base in T x 0 X. Here, for U ∈ T x 0 X, we denote by ∇ U the ordinary operator of differentiation in the direction U on the space C ∞ (T x 0 X, C). Thus, P is the smooth kernel (with respect to dv T X ) of the orthogonal projection in L 2 (T x 0 X, C) to the kernel of L 0 .
Let κ be the function defined in (4.3).
Theorem 4.3.
There exists ε ∈ (0, a X ) such that, for any j, m, m ′ ∈ N, j ≥ 2q, there exist positive constants C, c and M such that for any p ≥ 1, x 0 ∈ X and Z, Z ′ ∈ T x 0 X, |Z|, |Z ′ | < ε, we have
where 
BEREZIN-TOEPLITZ QUANTIZATION ON ORBIFOLDS
After the pioneering work of Berezin, the Berezin-Toeplitz quantization achieved generality for compact Kähler manifolds and trivial bundle E through the works [6, 7, 4] . We refer to [19, 21, 22, 24] for more references and background. The theory of Berezin-Toeplitz quantization on Kähler and symplectic orbifolds was first established by Ma and Marinescu [23, Theorems 6.14, 6.16] by using as quantum spaces the kernel of the spin c Dirac operator. Especially, they showed that the set of Toeplitz operators forms an algebra. The main tool was the asymptotic expansion of the Bergman kernel associated with the spin c Dirac operator of Dai-Liu-Ma [10] .
In this Section, we establish the corresponding theory for the renormalized Bochner-Laplacian on symplectic orbifolds. In [21, §5.4] one can find more explanations and references for Sections 5.1 and 5.2. For related topics about orbifolds we refer to [1] .
This Section is organized as follows. In Section 5.1 we recall the basic definitions about orbifolds. In Section 5.2 we explain the asymptotic expansion of Bergman kernel on symplectic orbifolds, which we apply in Section 5.3 to derive the Berezin-Toeplitz quantization on symplectic orbifolds.
Basic definitions on orbifolds.
We define at first a category M s as follows : The objects of M s are the class of pairs (G, M) where M is a connected smooth manifold and G is a finite group acting effectively on M (i.e., if g ∈ G such that gx = x for any x ∈ M, then g is the unit element of G). If (G, M) and (G ′ , M ′ ) are two objects, then a morphism Φ :
iii) For ϕ ∈ Φ, we have Φ = {gϕ, g ∈ G ′ }.
Definition 5.1. Let X be a paracompact Hausdorff space. A m-dimensional orbifold chart on X consists of a connected open set U of X, an object (G U , U) of M s with dim U = m, and a ramified covering τ U : U → U which is G U -invariant and induces a homeomorphism U ≃ U /G U . We denote the chart by (G U , U )
i) The open sets U ⊂ X form a covering U with the property:
It is easy to see that there exists a unique maximal orbifold atlas V max containing V; V max consists of all orbifold charts (G U , U) τ U −→ U, which are locally isomorphic to charts from V in the neighborhood of each point of U. A maximal orbifold atlas V max is called an orbifold structure and the pair (X, V max ) is called an orbifold. As usual, once we have an orbifold atlas V on X we denote the orbifold by (X, V), since V determines uniquely V max .
Note that if U ′ is a refinement of U satisfying (5.1), then there is an orbifold atlas V ′ such that V ∪ V ′ is an orbifold atlas, hence V ∪ V ′ ⊂ V max . This shows that we may choose U arbitrarily fine.
Let (X, V) be an orbifold. For each x ∈ X, we can choose a small neighborhood (G x , U x ) → U x such that x ∈ U x is a fixed point of G x (it follows from the definition that such a G x is unique up to isomorphisms for each x ∈ X). We denote by |G x | the cardinal of G x . If |G x | = 1, then X has a smooth manifold structure in the neighborhood of x, which is called a smooth point of X. If |G x | > 1, then X is not a smooth manifold in the neighborhood of x, which is called a singular point of X. We denote by X sing = {x ∈ X; |G x | > 1} the singular set of X, and X reg = {x ∈ X; |G x | = 1} the regular set of X.
It is useful to note that on an orbifold (X, V) we can construct partitions of unity. First, let us call a function on X smooth, if its lift to any chart of the orbifold atlas V is smooth in the usual sense. Then the definition and construction of a smooth partition of unity associated to a locally finite covering carries over easily from the manifold case. The point is to construct smooth G U -invariant functions with compact support on (G U , U).
In Definition 5.1 we can replace M s by a category of manifolds with an additional structure such as orientation, Riemannian metric, almost-complex structure or complex structure. We impose that the morphisms (and the groups) preserve the specified structure. So we can define oriented, Riemannian, almost-complex or complex orbifolds.
Let (X, V) be an arbitrary orbifold. By the above definition, a Riemannian metric on X is a Riemannian metric g T X on X reg such that the lift of g T X to any chart of the orbifold atlas V can be extended to a smooth Riemannian metric. Certainly, for any (G U , U) ∈ V, we can always construct a G U -invariant Riemannian metric on U . By a partition of unity argument, we see that there exist Riemannian metrics on the orbifold (X, V). Definition 5.2. An orbifold vector bundle E over an orbifold (X, V) is defined as follows : E is an orbifold and for U ∈ U, (G
) is the orbifold structure of E (resp. X) and morphisms for (G E U , E U ) are morphisms of equivariant vector bundles. If G E U acts effectively on U for U ∈ U, i.e., K E U = {1}, we call E a proper orbifold vector bundle.
Note that any structure on X or E is locally G x or G E Ux -equivariant.
Remark 5.3. Let E be an orbifold vector bundle on (X, V). For U ∈ U, let E pr U be the maximal K E U -invariant sub-bundle of E U on U . Then (G U , E pr U ) defines a proper orbifold vector bundle on (X, V), denoted by E pr . The (proper) orbifold tangent bundle T X on an orbifold X is defined by (G U , T U → U ), for U ∈ U. In the same vein we introduce the cotangent bundle T * X. We can form tensor products of bundles by taking the tensor products of their local expressions in the charts of an orbifold atlas. Note that a Riemannian metric on X induces a section of T * X ⊗ T * X over X which is a positive definite bilinear form on T x X at each point x ∈ X.
Let E → X be an orbifold vector bundle and k ∈ N ∪ {∞}. A section s : X → E is called
We denote by C k (X, E) the space of C k sections of E on X. If X is oriented, we define the integral X α for a form α over X (i.e., a section of Λ(T * X) over X) as follows. If supp(α) ⊂ U ∈ U, set (5.2)
It is easy to see that the definition is independent of the chart. For general α we extend the definition by using a partition of unity. If X is an oriented Riemannian orbifold, there exists a canonical volume element dv X on X, which is a section of Λ m (T * X), m = dim X. Hence, we can also integrate functions on X. Assume now that the Riemannian orbifold (X, V) is compact. For x, y ∈ X, put
Then (X, d) is a metric space. Let us discuss briefly kernels and operators on orbifolds. For any open set U ⊂ X and orbifold chart (G U , U ) τ U −→ U, we will add a superscript to indicate the corresponding objects on U . Assume that
We define the operator K :
, where s ∈ C ∞ ( U, E). We can then identify an element s ∈ C ∞ (U, E) with an element s ∈ C ∞ ( U , E) verifying g · s = s for any g ∈ G U .
With this identification, we define the operator K :
. Then the smooth kernel K(x, x ′ ) of the operator K with respect to dv X is (cf. [10, (5.18) 
Let K 1 , K 2 be two operators as above and assume that the kernel of one of K 1 , K 2 has compact support. By (5.2), (5.3) and (5.5), the kernel of
5.2.
Bergman kernel on symplectic orbifolds. Let (X, ω) be a compact symplectic orbifold of dimension 2n. Assume that there exists a proper orbifold Hermitian line bundle
be a proper orbifold Hermitian vector bundle on X equipped with a Hermitian connection ∇ E and R E be the curvature of ∇ E . Let g T X be a Riemannian metric on X. Let ∆ p be the renormalized Bochner-Laplacian acting on C ∞ (X, L p ⊗ E) by (1.5). With the same proof as in [20, Corollary 1.2], we can establish the spectral gap property.
be a prequantum Hermitian proper orbifold line bundle on (X, ω) and (E, ∇ E , h E ) be an arbitrary Hermitian proper orbifold vector bundle on X. There exists a constant C L > 0 such that for any p
where µ 0 > 0 is given by (1.7).
From now on, we assume p > C L (2µ 0 ) −1 . We consider the subspace
We define the generalized Bergman kernel
as the smooth kernel with respect to the Riemannian volume form dv
Consider an open set U ⊂ X and orbifold chart (G U , U)
Recall that we add a superscript to indicate the corresponding objects on U . The Riemannian metric g T X can be lifted to a G U -invariant Riemannian metric g U on U. We denote by B U ( x, ε) and B T x U (0, ε) the open balls in U and T x U with center x and 0 and radius ε, respectively. We will always assume that τ U extends to (G U , V ) τ V −→ V with U ⊂⊂ V and U ⊂⊂ V . Let ∂U = U \ U and
. Throughout in what follows, ε runs in the fixed interval (0, a X /4). Let f : R → [0, 1] be a smooth even function such that f (v) = 1 for |v| ε/2, and f (v) = 0 for |v| ε. Set
Then F (a) is an even function and lies in the Schwartz space S(R) and F (0) = 1. Let F be the holomorphic function on C such that F (a 2 ) = F (a). The restriction of F to R lies in the Schwartz space S(R). Then there exists {c j } ∞ j=1 such that for any k ∈ N, the function
k (0) = 0 for any 0 < i k. Using the same arguments as in [22] , one can show the analogue of [ 
Using (5.11), (5.12) and the property of the finite propagation speed of solutions of hyperbolic equations [21, Appendix D.2] (which still holds on orbifolds as pointed out in [18] ) it is clear that for
For any x 0 ∈ U 1 , the exponential map exp x 0 is a diffeomorphism from B T x 0 U 1 (0, 2ε) onto
Thus we can extend everything from B T x 0 U 1 (0, 2ε) to X 0 := T x 0 U 1 as in Section 4 (cf. [22, §1.2]) which is automatically G x 0 -equivariant. Let P X 0 ,p be the spectral projection of the renormalized Bochner-Laplacian ∆
, and P X 0 ,p ( x, y) be the Schwartz kernel of P X 0 ,p with respect to the volume form dv X 0 . Let P X 0 ,p (x, y) be the corresponding object on G x 0 \ T x 0 U 1 , then, by (5.6), we have (5.14)
By Proposition 5.5, we get the analogue of [22, Prop. 1.3]: for any ℓ, m ∈ N, there exists C ℓ,m > 0 such that, for any x, y ∈ B(x 0 , ε) and p ∈ N * (5.15) 
satisfying the following conditions: i.e., for any k ≥ 0 there exists C k > 0 such that
For any section f ∈ C ∞ (X, End(E)), the Berezin-Toeplitz quantization of f is defined by
The Schwartz kernel of T f, p is given by Next we obtain the asymptotic expansion of the kernel T f, p (x, x ′ ) in a neighborhood of the diagonal. We will use [23, Condition 6.7] .
Recall that the (proper) orbifold tangent bundle T X on an orbifold X is defined by a family of G U -equivariant vector bundles (G U , T U → U ), for U ∈ U. Consider the fiberwise product T X × X T X = {(Z, Z ′ ) ∈ T x 0 X × T x 0 X : x 0 ∈ X}. Let π : T X × X T X → X be the natural projection given by π(Z, Z ′ ) = x 0 . We say that Q r, x 0 ∈ End(E) x 0 [ Z, Z ′ ], if for any U ∈ U, it induces a smooth section Q r, x 0 ∈ End(E) x 0 [ Z, Z ′ ] of the vector bundle π * (End(E))
on T U × U T U defined for all x 0 ∈ U and Z, Z ′ ∈ T x 0 U and polynomial in Z, Z ′ ∈ T x 0 U . Let {Ξ p } p∈N be a sequence of linear operators Ξ p : L 2 (X, L p ⊗ E) −→ L 2 (X, L p ⊗ E) with smooth kernel Ξ p (x, y) with respect to dv X (y). 
such that, for every ε ′′ > 0 and every x, x ′ ∈ U , (g, 1) Ξ p,U (g −1 x, x ′ ) = (1, g −1 ) Ξ p,U ( x, g x ′ ) for any g ∈ G U (cf. (5.3) ), 23) and moreover, for every relatively compact open subset V ⊂ U , the following relation is valid for any x 0 ∈ V :
which means that there exist ε ′ > 0 and C 0 > 0 with the following property: for any m ∈ N, there exist C > 0 and M > 0 such that for any x 0 ∈ V , p ≥ 1 and Z, Z ′ ∈ T x 0 U , | Z|, | Z ′ | < ε ′ , we have with κ in (4.3), As in [23, Lemma 6.9] , one can show that the smooth family Q r, x 0 ∈ End(E) x 0 [ Z, Z ′ ] in Condition 5.8 is uniquely determined by Ξ p .
(ii) For any ε 0 > 0 and any l ∈ N, there exists C l,ε 0 > 0 such that for all p 1 and all (x, x ′ ) ∈ X × X with d(x, x ′ ) > ε 0 ,
(iii) There exists a family of polynomials {Q r, x 0 ∈ End(E) x 0 [Z, Z ′ ]} x 0 ∈X such that : (a) each Q r, x 0 has the same parity as r, (b) the family is smooth in x 0 ∈ X and (c) for every k ∈ N, we have
in the sense of (5.26).
Then {T p } is a Toeplitz operator.
Finally, we show that the set of Toeplitz operators on a compact orbifold is closed under the composition of operators, so forms an algebra (an analogue of [23 Given f, g ∈ C ∞ (X, End(E)), the product of the Toeplitz operators T f, p and T g, p is a Toeplitz operator, more precisely, it admits an asymptotic expansion 
